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Congruence distributive algebras

V is congruence distributive (CD) if for every A € V the lattice of
congruences of A is a distributive lattice.

N NN
RO NG

- in congruence lattices

& there are Jonsson terms: Jy, ..., J,t1 such that V models

Jl(X;XaY):X; J2n+1(X>y7}/):y7 Ji(Xa}’»X):X
J2i+1(X7y7y) = J2i+2(X’y>y)7 J2i(X,X’Y) = J2i+1(X>X7y)'

& locally finite = V has finite residual bound and is finitely axiomatizable.
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Jonsson terms

Jl(X;XaY):X; J2n+1(X7y7}/):y7 Ji(Xa}’»X):X
J2i+1(X7y7y) = J2i+2(X’Y>)/)7 J2i(X,X’Y) = J2i+1(X7X7y)'

If Ji(x,x,y) — Ji(x,y,y), then

a2 = J(xx,y) a2n = Jan(x, X, ¥)
x = Ji1(x, x,y) = h(x,x,y) = Jopt1(x, %, ¥)
X an aon
ai as y
a1 = Ji(x,y,y) a3 = B3(x,y,¥) _
y = Jnp1(x, v,y
=h(xy,y) = 4(x,y,y) arl )
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A near unanimity (NU) term for a variety V is an idempotent term
t(---) such that

VEty,x,...,x)=t(x,y,...,x) = t(x,...,x,y) = x.
3 NU term < CD, every finite algebra is finitely related
< CD, finite algebras are dualizable

Definition

For algebra A with subalgebra B < A, B absorbs A (written B < A) if
there is an idempotent term t(---) such that for all 7,

t(B,...,B,A,B,...,B)CB
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Absorption theorems

Theorem (Barto, Kozik 2012)
Let V be a locally finite idempotent variety. TFAE

e V is a Taylor variety,

o for all finite A,B € V and all linked R <,4 A x BB,
e R=AXDB, or
e A has a proper absorbing subuniverse, or
e B has a proper absorbing subuniverse.

Theorem (Barto, Kozik, Willard 2012)

Let A be a finite algebra and R <S < A" such that R <.,y A" and
A, <S. Then A,NR #10).
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From near unanimity to directed Jénsson terms

Let t(---) be an n-ary near unanimity term for A:
AEtly,x,....x)=t(x,y,...)=t(x,...,x,y) = x.

Define terms D, ..., D, by

Di(x,y,z) = t(x,...,x,y), Dn(x,y,z) =t(y,z,...,2),

Di(x,y,z) = t(x,...,x,¥,2,...,2) y in the (n — i+ 1)th place.
It's not hard to see that these satisfy the directed Jdnsson identities:

Di(x,x,y) =x,  Da(x,y,y) =y,
Di(x,y,y) = Disa(x. x,¥),  Di(x,y,x) = x.

These identities imply CD.

Jénsson

!

NU =——— dir. Jénsson —— CD

CD, fin. related

Matthew Moore (VU)
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Directed Jénsson terms

Dl(X,va):X, Dn(X,%Y):}/:
Di(anvY):DH—l(Xva)/)v Di(X?y>X):X

If Di(X7X7)/) — Di(vavy)' then

a2 = Da(x,v,y) an = Dn(x,y,y)
x = Dy(x,x,y) = D3(x, x,y) = Dpy1(x, x,y)
X an an
ai as y
a1 = Di(x,y, ) a3 = D3(x,y,y) - D,
y = X, ¥y
= Da(x, x,¥) = Dy(x, x,¥) nl )
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From absorption to weak directed Jénsson terms

Suppose that B < A via the n-ary term t(---) and define

Dl(X7y7Z) = t(X)"'7X)y)7 Dn(XayaZ) = t(}”Z,u-,Z)a
Di(x,y,z) = t(x,...,x,¥,2,...,2) y in the (n — i + 1)th place.

These satisfy the weak directed Jénsson identities:

Dl(X7X7.y):X7 Dn(X7y7y):y7
Di(X7y7y):Di+1(XaX7y)7 [ y =X,
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Jénsson absorption

B < A via t(---), from which the D; were defined.

D1(X7X7Y):X; Dn(X,%}’):)’a
Di(vaa}/):DH—l(XvX?y)v DI(B’AvB)ng

If we have terms D; and B < A satisfying these, we say B directed
Jonsson absorbs A and write B <pj A.

Similarly, replacing Ji(x,y, x) = x with J;(B, A, B) C B in the J6nsson
identities, we obtain Jonsson absorption, written B < A.

A has Jénsson terms if and only if {a} < A for all a € A.

A has directed Jénsson terms if and only if {a} <p; A for all a € A.
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Directed Jdénsson terms in a finite algebra

Suppose that A is finite and E,F < A2 are preorders (i.e. reflexive and
transitive). If E<yF then E =TF.

How to get directed Jonsson terms (finite A): Suppose V is CD.
A is finite, so V(A) is locally finite.

Fy = F(x, z) and F3 = F(x, y, z) are finite.

Let G = {t(x,y,z) € F3 | t(x,z,x) = x},

F = {(t(x,x,2),t(x,z,2)) | t € F3},

E= {(xxz t(x,z,z)) | t € G}.

Let — and --+ be the transitive closures of E and F, resp.

E, F, —, and --» are subalgebras of F, and —, --» are preorders.

The Jénsson terms for V witness E <y F, so — < --3, so —»=--».

(x,z) € F, so x — z, so there are witnessing E-related terms D; € G.

These are the directed Jénsson terms!
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g = {t(xa)’az) € Fs | t(x,z,x) :X}7
E = {(t(x,x, z), t(x,z,z)) |t e g},

— = transitive closure of E

X — Z

There is a sequence in E witnessing x — z:

x (D2(x, x,2), Da(x, 2, 2))
I I I
(D1(x,x,z), Di(x, z, 2)) (D3(x, x,z), D3(x, z, 2))

Every pair comes from G, so D;(x, z, x) = x.

These are the directed Jénsson terms!

Matthew Moore (VU)
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Directed Jénsson terms in general

Let V be a variety and J a system of weak Jonsson terms. Then there is a
system of weak directed Jonsson terms D such that for all A, B € V if
B<y A via J then B<py A via D.

How to get directed Jénsson terms:

e Let V be a variety with Jénsson terms J and let F¥ be the
idempotent reduct of F(x, y, z).

J are Jénsson terms for V, so {x} <, Fi¥.
Thus there are directed Jénsson terms D such that {x} <p; Fi¥.

The elements of D are weak directed Jénsson terms plus the
identities Dj(x,y,x) = x.

Thus F¥ has directed Jénsson terms.
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Jénsson if and only if directed Jénsson

Let V be any variety. V is congruence distributive if and only if it has
directed Jénsson terms.

Jénsson

for aIlV/ ﬁ

NU ——— dir. Jénsson ——— CD
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New Maltsev conditions

We can prove similar absorption theorems for (directed) Gumm terms and
Pixley terms.

Theorem

Let V be any variety.

e V is congruence distributive iff it has directed Jonsson terms.

e for any integer k > 1, a V is congruence distributive and has
(k + 1)-permuting congruences iff it has Pixley terms of length k.

e V is congruence modular iff it has directed Gumm terms.

Thank you.

Matthew Moore (VU)
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