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PHYSICAL WAVEFORM OPTIMIZATION
FOR MULTIPLE-BEAM MULTIFUNCTION
DIGITAL ARRAYS

CROSS-REFERENCE TO RELATED
APPLICATIONS

The present application claims the benefit of U.S. Provi-
sional Application No. 62/928,307 filed Oct. 30, 2019 and
entitled “PHYSICAL WAVEFORM OPTIMIZATION FOR
MULTIPLE BEAM MULTIFUNCTION DIGITAL
ARRAYS,” the disclosure of which is incorporated by
reference herein its entirety.

TECHNICAL FIELD

The present disclosure relates to generation of radio
frequency (RF) waveforms and more specifically to genera-
tion of RF waveforms facilitating multiple different func-
tionalities.

BACKGROUND

The radio spectrum is a fixed resource with an exponen-
tially increasing demand from commercial communication
applications. To meet the increased demand for commercial
communication application, the radar spectrum has been
eroded, which has created additional strain on defense
applications that must already operate in congested and
contested environments. As such, improving spectral effi-
ciency (e.g., dynamic spectrum access) or developing meth-
ods to share spectrum between multiple functions (e.g.,
radar and communication sharing spectrum) has been the
subject of ongoing research. Generally speaking, spectrum
sharing can take two forms: cohabitation or co-design. The
former tends primarily to address the interference that
separately operated systems could cause to one another and
the latter involves cooperative control within the same
system. However, designing RF waveforms that are suited
for sharing of the radio spectrum between both radar and
communication functions has proved challenging.

One solution that has been proposed includes transmitting
radar and communication waveforms from an antenna aper-
ture that includes a plurality of antenna elements by trans-
mitting the radar waveforms and the communication wave-
forms in different time segments. For example, the antenna
aperture may transmit the radar waveforms for a first time
period and transmit the communication waveforms for a
second time period that is non-overlapping with respect to
the first time period. While this solution does allow radar and
communications to share the spectrum it is not an efficient
inefficient solution since the two different modes of opera-
tion (e.g., radar and communications) cannot be used simul-
taneously.

It has been previously shown that a set of physically
realizable frequency-modulated (FM) waveforms can be
optimized using the Error Reduction Algorithm to emit
simultaneous, pulsed radar and communications signals in
different spatial directions using a technique referred to as
Far-Field Radiated Emission Design (FFRED). The FFRED
approach considers the transmission of multiple signals
(e.g., radar and/or communications signals) simultaneously
from a digital array while considering practical waveform
attributes (e.g., constant amplitude, power efficiency). The
FFRED approach has shown that optimized waveforms can
be constrained to be constant amplitude by utilizing the
spatial orthogonal complement to the desired transmission
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directions. While the FFRED approach described above has
been demonstrated in theory, several challenges remain. For
example, the transmitted waveforms may change from pulse
to pulse, requiring a new set of waveforms to be determined
for each pulse. Previous approaches for FFRED are unable
to determine sets of waveforms suitable for simultaneous
transmission of radar and communication signals when
changes occur on a pulse-to-pulse basis. Thus, while the
FFRED approach has been demonstrated in theory, real-
world implementations remain impractical because the rap-
idly changing nature of the transmitted signals cannot be
accounted for by existing FFRED implementations.

SUMMARY

Systems and methods are disclosed that provide a feasible
implementation of FFRED algorithms suitable for real-
world applications involving simultaneous transmission of
radar and communication signals or other use cases. A set of
signals for transmission and a transmission direction for
each signal of the set of signals may be determined. The set
of'signals includes at least a first signal associated with a first
transmission direction and a second signal associated with a
second transmission direction that is different from the first
direction. An optimization problem is configured based on
characteristics of an antenna array and the set of signals and
then solved to identify a set of waveforms suitable for
transmitting the signals. To overcome the problems associ-
ated with previous FFRED approaches, a relaxed optimiza-
tion problem is disclosed that enables the set of waveforms
to be determined more rapidly, thereby accommodating the
need to identify different waveforms when at least one of the
transmitted signals (e.g., the radar signal or the communi-
cation signal) changes rapidly, such as from pulse-to-pulse.
Solving the optimization problem may identify a set of
waveform that exhibit high power efficiency, such as con-
stant amplitude continuous waveforms, but may also seek to
minimize wasted energy (e.g., transmitted waveform energy
that is dispersed in directions other than those intended for
a waveform). The set of waveforms may be coherent in the
far-field, resulting in waveforms that are suitable for radar
detection operations and may also facilitate long range
communications.

The foregoing has outlined rather broadly the features and
technical advantages of the present invention in order that
the detailed description of the invention that follows may be
better understood. Additional features and advantages of the
invention will be described hereinafter which form the
subject of the claims of the invention. It should be appre-
ciated by those skilled in the art that the conception and
specific embodiment disclosed may be readily utilized as a
basis for modifying or designing other structures for carry-
ing out the same purposes of the present invention. It should
also be realized by those skilled in the art that such equiva-
lent constructions do not depart from the spirit and scope of
the invention as set forth in the appended claims. The novel
features which are believed to be characteristic of the
invention, both as to its organization and method of opera-
tion, together with further objects and advantages will be
better understood from the following description when con-
sidered in connection with the accompanying figures. It is to
be expressly understood, however, that each of the figures is
provided for the purpose of illustration and description only
and is not intended as a definition of the limits of the present
invention.
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BRIEF DESCRIPTION OF THE DRAWINGS

For a more complete understanding of the disclosed
methods and apparatuses, reference should be made to the
embodiments illustrated in greater detail in the accompany-
ing drawings, wherein:

FIG. 1 is a block diagram illustrating aspects of a system
for generating waveforms in accordance with the present
disclosure in accordance with aspects of the present disclo-
sure;

FIG. 2 is a block diagram illustrating aspects of an
antenna array of a system operating in accordance with
aspects of the present disclosure;

FIG. 3 is a diagram illustrating aspects of transmitting
waveforms using a system operating in accordance with
aspects of the present disclosure; and

FIGS. 4A-4C are histograms illustrating aspects of trans-
missions according to aspects of the present disclosure;

FIG. 5 is a histogram illustrating aspects of transmissions
according to aspects of the present disclosure; and

FIG. 6 is a flow diagram of a method for generating and
transmitting waveforms in accordance with the present
disclosure in accordance with aspects of the present disclo-
sure in accordance with aspects of the present disclosure.

It should be understood that the drawings are not neces-
sarily to scale and that the disclosed embodiments are
sometimes illustrated diagrammatically and in partial views.
In certain instances, details which are not necessary for an
understanding of the disclosed methods and apparatuses or
which render other details difficult to perceive may have
been omitted. It should be understood, of course, that this
disclosure is not limited to the particular embodiments
illustrated herein.

DETAILED DESCRIPTION

Referring to FIG. 1, a block diagram illustrating aspects
of'a system for generating waveforms in accordance with the
present disclosure is shown as a system 100. The waveforms
generated by the system 100 may facilitate improved spec-
tral sharing between radar and communication functionali-
ties, as described in more detail below. As shown in FIG. 1,
the system 100 may include a transmission system 101 and
an electronic device 150. During operation, the transmission
system 101 may be configured to generate and output radar
waveforms 102. The transmitted output radar waveforms
102 may sequentially backscatter from the environment and
be detected as radar waveform returns 104 by the transmis-
sion system 101. The radar waveform returns 104 may be
received and processed to perform radar detection opera-
tions. For example, the radar detection operations may
include performing moving target detection of a target of
interest 140 based on the received waveform returns 104.
Additionally, the transmission system 101 may generate and
transmit communication waveforms 106, which may con-
figured to communicate data to the electronic device 150.

As illustrated in FIG. 1, the transmission system 101 may
include one or more processors 110, a memory 120, a
transmitter 130, signal processing circuitry 134, and a dis-
play device 136. The one or more processors 110 may
include one or more central processing units (CPUs), digital
signal processors (DSPs), application specific integrated
circuits (ASICs), field programmable gate arrays (FPGAs),
or other circuitry configured to process data in accordance
with aspects of the present disclosure. The transceiver 130
may be configured to generate waveforms for transmission.
The transceiver 130 may include a plurality of antenna
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elements 132 that may each be individually controlled to
transmit a waveform and the waveforms transmitted by each
antenna element 132 may be the same or different, as
described in more detail below. The one or more antennas
132 may also be configured to receive the waveform returns
104 (or separate antenna elements 132 may be provided that
are dedicated for reception of the waveform returns 104).

The signal processing circuitry 134 may include various
signal processing components, such as amplifiers, analog-
to-digital converters, phase locked loops, mixers, a detector,
a diplexer, gain control circuitry, low noise amplifiers
(LNAs), other types of signal processing circuitry, or a
combination thereof. It is noted that the exemplary types of
signal processing circuitry described above have been pro-
vided for purposes of illustration, rather than by way of
limitation and that the specific components of a radar
detection system configured in accordance with the present
disclosure may include less signal processing components,
more signal processing components, or different signal pro-
cessing components depending on the particular configura-
tion or design of the radar detection system. The display
device 136 may be configured to display radar data associ-
ated with detection of ground moving targets, such as
information associated with the target of interest 140.

As shown in FIG. 1, the memory 120 may store instruc-
tions 122 that, when executed by the one or more processors
110, cause the one or more processors 110 to perform
operations to generate, transmit, and process waveforms in
accordance with the concepts disclosed herein and described
in more detail below. Additionally, although capable of
implementation via software, it should be understood that
the techniques disclosed herein may be readily implemented
in hardware if desired. Accordingly, the present disclosure is
not to be limited to software implementations.

During operation, the transceiver 130 may generate first
waveforms for transmission as output waveforms 102 and
second output waveforms 106. The output waveforms 102
may be radar waveforms that are transmitted by the trans-
mission system 101 to perform moving target detection,
where objects within the path of the output waveforms 102,
such as the target of interest 140, may reflect the output
waveforms 102 to produce radar returns 104. Some of the
radar returns 104 may be received at the antenna elements
132 and provided as input to the signal processing circuitry
134 to facilitate processing of the radar returns 104 in
accordance with aspects of the present disclosure, such as to
facilitate radar detection operations and processing. To illus-
trate, the processing of the radar returns 104 may be utilized
to perform moving target detection, such as to detect the
target of interest 140, and the results of the moving target
detection may be displayed at the display device 136. It is
noted that although the system 100 is described as being
configured to present results of moving target detection at
display device 136, this has been described for purposes of
illustration, rather than by way of limitation. For example,
embodiments of the present disclosure may record location
information or other data derived from the ground moving
target detection in a database, which may be stored at the
memory 120 (or another memory device accessible to the
transmission system 101) instead of, or in addition to,
displaying the results at the display device 136.

Additionally, the transmission system 101 may generate
communication waveforms 106 that may be transmitted to,
and received by the electronic device 150, such as to enable
the electronic device 150 to perform communication signal
processing with respect to the communication waveform
106 to receive data. As shown in FIG. 1, the electronic
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device 150 may include one or more processors 152, a
memory 154, and a receiver 158. The one or more proces-
sors 152 may include one or more CPUs, DSPs, ASICs,
FPGAs, or other circuitry configured to process data in
accordance with aspects of the present disclosure. The
memory 154 may store instructions 156 that, when executed
by the one or more processors 152, cause the one or more
processors 152 to perform operations for receiving and
processing communication waveforms in accordance with
aspects of the present disclosure.

Turning briefly to FIGS. 2 and 3, exemplary aspects of the
antenna elements and configuration of the antenna elements
for transmission of the waveforms 102, 106 of embodiments
are shown. In FIG. 2, the antennas 132 are shown as
including an array of N antenna elements, where N>2. The
plurality of antenna elements is shown as including antenna
elements 210, 220. It is noted that FIG. 2 shows the antennas
132 ad including 2 antenna elements for purposes of illus-
tration, rather than by way of limitation and that the antennas
132 may include more than 2 antenna elements according to
some aspects of the present disclosure. As shown in FIG. 3,
the antenna elements 310 (e.g., the antenna elements 132 of
FIG. 1) may be individually configured to transmit a radar
waveform 302 (e.g., the radar waveforms 102 of FIG. 1) and
a communication waveforms 304 (e.g., the communication
waveforms 106 of FIG. 1).

The radar waveforms 302 and the communication wave-
forms 304 may be transmitted by the antenna elements 310
in different spatial directions. It is noted that the radar
waveforms 302 and communication waveforms 304 may be
individually configured for he each of the antenna elements
310. For example, the radar waveforms 302 and the com-
munication waveforms 304 may be transmitted by multiple
antenna elements of the antenna elements 310 and each
antenna element may transmit a different waveform to
account for the spatial arrangement of the antenna elements
and the directionality with which the waveforms are to be
transmitted. As will be described in more detail below,
aspects of the present disclosure may utilize an optimization
function to determine an optimized set of waveforms that
may be used for transmission of the radar waveforms 302
and the communication waveforms 304 such that the wave-
forms are highly correlated despite potentially having dif-
ferent modulation structures, different angles of transmis-
sion, different beam powers, and the like. This allows the
waveforms to have desired properties in the far field while
maintaining high power efficiency (e.g., energy on target and
return energy while minimizing wasted energy or power).

Returning to FIG. 1, the transmission system 101 may be
configured to determine a set of waveforms for transmission
of both a radar signal (e.g., the radar waveforms 102) and a
communication signal (e.g., the communication waveforms
104). To generate the waveforms 102, 106, the transmission
system 101 may utilize a relaxed objective function
designed to reduce the computational cost of finding a set of
waveforms that meet both the constant amplitude and
desired emission constraints. The simplified objective func-
tion may not explicitly reduce the energy within the orthogo-
nal complement, however, for a particular waveform initial-
ization the resulting waveforms after optimization can be
shown to be near-optimal through comparison to an opti-
mality bound calculated via the Lagrange dual problem.
More importantly, the relaxed objective function may enable
systems to implement or at least come close to an actual
realization of a FFRED-based solution to simultaneous
transmission of radar and communication signals.
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To illustrate the relaxed approach of embodiments, con-
sider an M element antenna array (e.g., the antennas 132)
with an arbitrary geometry satisfying the narrowband
assumption (for some transmission bandwidth B) indexed as
m=0, ..., M-1. It may be assumed that this array has full
control over the waveforms transmitted by each element
(i.e., a digital array). Now define F, (0, ¢) as the time-
harmonic (with respect to some center frequency f.) in-situ
far-field antenna pattern for the mth element as a function
elevation 6 and azimuth ¢, where it is assumed that the
polarization of all antennas are aligned.

Given a set of complex-baseband continuous waveforms
{so(t), 81(D), . . ., Sp., (1)} transmitted by the corresponding
antenna elements as a function of time t, a complex-
baseband far-field emission can be written as:

8E0.9)1Z,,-¢" 'F,(0.9)s,(0), @
Within this emission structure, define . desired signals

Gy () of pulse duration T to be realized in directions (6, ,
@Pp) for £=0, ..., L-1. Each of these constraints on the
emission g(t, 0, @) can be expressed as:

¢0.07.P)-Ge ), @

To facilitate the design of the M waveforms s, (1), the
constraints may be discretized according to a sampling rate
f.. In an aspect, the L desired signals Jy (t) may be over-
sampled with respect to the signal bandwidth B to maintain
sufficient fidelity of the desired signal. In an aspect, the
sampling frequency may be expressed as f=«xB, where k=2,
which has been found to be sufficient.

For a sampling period T =1/f, define s, [n]=s, (nT,) and
Yy [n]=Yy (uT)) as the nth sample of the mth waveform and
€ th desired signal, respectively. For pulse duration T, the
length of each sequence is N=f,T. These sequences may be
collected into the complex-valued matrices SEC**Y and
GECH for [S],,,~s,[n] and [6l,, =Yy [n], where [*],;
represents the (i,j)th element of the matrix. The M complex
scalars of the antenna patterns for the L. desired transmission

directions (8, , ()¢ ) may also be collected into the matrix
CECMN for [Clme=F,* (87, @p) and (*)* represents
complex-conjugation. Therefore, the discretized emission
constraints can be written in matrix form as:

Cfs=G, 3

where ()7 is the Hermitian transpose.

Given C and G, a waveform matrix S may be designed
such that the above-described constraints are met. As long as
C has full column rank and [.<M, there are an infinite many
solutions. However, this does not mean that every possible
solution is an optimized solution. To identify a particular
solution, the above-described waveform design may be
formulated as an optimization problem using two different
methods: a minimum-norm method, and the FFRED meth-
ods, which includes the additional constraint of constant
amplitude waveforms.

The minimum-norm formulation may lead to a closed-
form solution satisfying the required signal constraints
CHS=G. However, the resulting waveform matrix S may
have an unacceptable peak-to-average power ratio (PAPR),
making the set of waveforms undesirable from an imple-
mentation standpoint. In the absence of unity PAPR, the
waveforms must be scaled so that the maximum amplitude
lies within the linear region of the amplifier to ensure that the
waveforms are transmitted without distortion. If the wave-
forms have the same amplitude (unity PAPR), then the
amplifiers can be operated in the more power-efficient
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saturation region. Thus, the PAPR of the waveforms is
directly tied to the total energy emitted from the array (e.g.,
the antennas 132).

By leveraging the orthogonal complement of C, the PAPR
can be reduced while still satisfying the desired signal
constraints. Thus, the addition of a constant amplitude
constraint to the minimum-norm optimization serves to
minimize the energy in the orthogonal complement while
achieving both the signal and modulus constraints. How-
ever, the addition of the constant modulus constraint results
in a waveform solution that is computationally complex to
find, which may prevent real-world implementations of the
minimum norm solution due to the need for faster compu-
tation to accommodate signals that may change from pulse
to pulse. To facilitate faster computation, the present dis-
closure provides a relaxed problem formulation that over-
comes the challenges described above. For performance
comparison, an optimality bound is also derived via a
Lagrange dual function of the original constant amplitude
constrained problem.

The minimum-norm optimization problem for determin-
ing S can be written as:

minimize [|S]/% “)
N

subjectto CHS =G

5

where ||S||z* is the squared-Frobenius norm defined as:

ISI=F"=Z 6™ g™ Ml 2,

®

The optimization problem in Equation (4) can be reformu-
lated in vectorized notation as:

minimize |33 (@]

5

subject to Ay =g

where §€C ! and g=C ™! are vectorized forms of S
and G, respectively, ||§|l,> is the squared 1*-norm of §,
A=I,QC for I, the NxN identity matrix, and & the Kro-
necker product. The entries of the vectorized forms are
related to those of the matrices as [§],,,s,=S],,,, and
[Elerin =[Glesn .

Referring to Equation (6) as Problem A, the Lagrangian
for this constrained optimization problem may be given as:

L =5 R pas-g), @
where AEC ™! is the Lagrange multiplier pertaining to the
emission constraints and R {*} extracts the real value. The
minimum-norm optimization problem is convex with:

Ses=A(4"4)7'g, ®
Equation (8) may be equivalently, 3., written in matrix form
as:

S._=C(C7C)'G, ©)]
the rows of which are the M discretized waveforms that are
optimal in the minimum-norm sense. However, these wave-
forms will tend to not be constant amplitude and possess a
high PAPR.

By leveraging the orthogonal complement of C, the PAPR
of'the waveforms can be lowered considerably. For example,
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a waveform matrix S that satisfies the emission constraint
C#S=G may have the property:

S=Su_+S,, (10)

where S =P, S is the orthogonal projection of the waveform
matrix onto the subspace spanned by the orthogonal comple-
ment of C, where

P, =L,C(CHC)™\CH, 11)

is the orthogonal projection matrix. Therefore, the far-field
emission of S, has no impact on the desired emission via
C#S =0, In the vectorized form, (10) becomes

12)

where [8,1,,,25,=[S,1,n,- Thus the property CHS =0, is
represented as A”§ 0, ,, | in vectorized form.

Because §., and §, are constructed using orthogonal
subspaces, their inner product is §,78, _~0. Therefore, the
energy contained in the waveform matrix [[§||,2 is equal to the
summation of the energies of the two waveform compo-
nents:

=8+,

1317 =115, Al +13 2.

(13)

Thus, any waveform matrix S (or §) that satisfies CZS=G (or
AP§=§) aside from the minimum-norm solution S. 4 (ors. )
will allocate a portion of its energy to S, (or §,). The net
power efficiency may be increased as long as the power
efficiency gained through reduction in PAPR exceeds that of
any efficiency lost through the addition of energy within the
orthogonal complement |5, It has been shown that a
constant amplitude constrained solution increases the power
efficiency of the emission for the case of L=2 beams
transmitting a linear frequency modulated radar waveform
in one spatial direction and a communications signal in
another direction. (The communication modulations consid-
ered included rectangular and square-root raised-cosine fil-
tered quadrature phase-shift keying (QPSK) and 4-ary rect-
angular-filtered continuous phase modulation (CPM) with a
modulation index of 14.)

The gain curve of a simplified amplifier model may be
used to quantify the power efficiency of a particular wave-
form matrix. The gain curve is separated into two regions:
linear and saturation. The maximum amplifier input in the
linear region is normalized to 0 dB. Therefore, to avoid
distortion the waveform matrix is normalized by its maxi-
mum amplitude, which is denoted as z=max,,,{Is,[n]l}.
This normalization corresponds to the well-known proce-
dure of “power back-off”.

After normalization, the component of the waveform
matrix that contributes to the desired emission may be found
via the projection z 'PS, where P=C(C”C)™'C# projects
onto the subspace spanned by C. For a waveform matrix S
that satisfies C¥S=G, this projection is equivalent to
Z_IPS:Z_ls*,A. Thus, the average power in z-ls*,A defines
the Average Directed Power (ADP) as:

1 ) (14)
TS wall?

"~ max{lsuln]?)’

for 0=ADP=<1 with ADP=1 representing the most power
efficient waveform matrix (only obtained when the mini-
mum-norm solution is constant amplitude and S=S. ).
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The constant amplitude constraint can be incorporated
into the optimization problem as

1
Isef? = sl =0

for k=0, 1, . . . , MN-1, where §,=[3],, thus forcing the
squared-amplitude to be equal to the average power. By
including this constraint the optimization problem becomes:

minimize ||§||§ (15)
3

subject to Af5=g

1
I3:% - mllillﬁ =0vk.

Modifying the minimum-norm optimization problem from
Equation (4) (or Equation (6)) to include any additional
constraints introduces a non-zero S to the solution (unless
the additional constraints are satisfied by the minimum-norm
solution). Thus, to satisty the constant amplitude constraint
some amount of energy must be emitted in the directions
corresponding to the orthogonal complement of C. How-
ever, minimizing |[§||,> also minimizes the energy contained
in the orthogonal complement (i.e., |[§,|,?) according to
Equation (13).

The constant amplitude constraint in Equation (15) can be
implicitly incorporated by exchanging § with a waveform
model given by:

(16)
where j=V=T, yER is a real-valued amplitude scalar, xE
R is a vector of phase values, and the entries of the
exponential are defined as [exp(jx)],=exp(jx,). Using the
waveform mode in Equation (16) the optimization problem
from Equation (15) can be equivalently represented as:

3=y exp(),

minimize ¥ an
V. X
subject to yAexp(jx) = 7

The number of optimized parameters for Equation (17) is
reduced from 2MN real-valued coefficients (MN complex-
valued) to MN+1 real-valued parameters while removing a
constraint from the problem. That said, the optimization
problem in Equation (17) is nonconvex and computationally
prohibitive to solve directly. However, the Lagrangian of the
problem in Equation (17) can be used to find a lower bound
for the objective function y* via the Lagrange dual problem.
This bound provides a test for solution quality when opti-
mizing parameter (y, X) according to a relaxed version of
Equation (17) described in more detail below.

Referring to Equation (17) as Problem B, the Lagrangian
for Problem B may be given by:

L o= R OF a7 exp(n)-))- (18)

The Lagrange dual function (denoted here as G (1)) may be
found by minimizing £ j (y, x; A) over the parameters (Y, x),
which may be expressed as:

15

20

25

35

45

60

10

GQ) =inf Lgly, x; ), 19
VX

which results in the expression:
§ m=—aan 2+ R A g).

The Lagrange dual function is concave over the Lagrange
multipliers (even for nonconvex optimization problems).
Thus the Lagrange dual problem is the maximization of the
dual function.

The optimal function value G (A.) sets a lower bound for
the value of the original objective function, which may be
written as:

G =y,

(20)

@

where y.7 is the global minimum of Bquation (17). It is noted
that the dual function from Equation (20) was found to have
weak duality except for the case when N=1, which has
strong duality. Updating the energy relationship from Equa-
tion (13) to incorporate y (assuming the constraint from
Equation (17) holds) yields:

) @2)

1 1
¥ = —IBaally + —IB.IE.

MN MN

Therefore, G (1.) is effectively a lower bound on the amount
of energy contained in the orthogonal complement (i.e.,
|8 .l,%) that is needed to achieve both the amplitude and
emission constraints. Note that the bound in Equation (21)
may not be tight. However, a feasible waveform matrix with
square-amplitude y* close to this bound gives an indication
that the waveform matrix is a near-optimal solution to
Equation (17). It is noted that while Problems A and B have
been designed to produce optimal solutions, these solutions
remain ill-suited for real world implementation due to
hardware and other computational limitations.

Having demonstrated the minimum norm solution (Prob-
lem A) and the constant-amplitude constrained formulation
(Problem B) above, a reduced computational complexity
solution according to embodiments of the present disclosure
will now be described. To reduce the computational com-
plexity associated with solving Equation (17) a relaxed
problem may be formulated that only considers the feasi-
bility of (y, x) as represented by the constraint yAZexp(jx)
=g. This relaxed problem may be expressed as:

minimize J(7, %) = [lyA" exp(j%) - glI3 23)

7. %

where 7 and % are used to distinguish the parameters from
those of Equation (17). The minimum of Equation (23) is
guaranteed to be feasible for Equation (17) given that such
a point exists, and the quality of the solution found using the
relaxed formulation can be determined by comparing y* to
the bound in Equation (21).

A multivariate function can be minimized by first mini-
mizing over a portion of the variables, and then minimizing
over the remaining variables. For the objective function
J (y, X), this property is shown via the relationship:

24
infJ (7, %) = inf[inf J, fc)] = inf(inf Ja, fc)].
¥ XY ¥y \x
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By minimizing J (y, %) with respect to y, an amplitude
having a closed form solution may be found, which can be
expressed as:

R {E" A expUin)) 25

7@
lAH exp(jx)lI3

Thus, the property in Equation (24) can be employed to
formulate the problem as a minimization of objective func-
tion J (y(X),X) over only the phase vector X.

Inserting y(%X) from Equation (25) into J (v,%) from Equa-
tion (23) yields a modified objective function, given by:

R {g" A¥ expin) (26)

@, n=J®=zl3-
J J T At exp(Rl}

The gradient of J (%) with respect to % can be shown to be:

v, J @23 1@ exp(cRIOUGRA? exp(-2) en

where O is the Hadamard (element-wise) product and J{+}
extracts the imaginary part of the argument. The form of the
gradient in Equation (27) can be used in a multitude of
different algorithms to converge onto a locally-optimal point

of J(%). Note that the relaxed objective function in Equation
(26) is nonconvex and the obtained solution is dependent on
the initialization of X.

For a locally-optimal phase vector X. that minimizes
Equation (26) and meets the feasibility requirements of

J (%.)=0, the inequality bound from Equation (21) can be
rewritten as:

G (sy-=72(0). 28)

Using Equation (22), the bound from Equation (28) can be
stated in terms of the converged orthogonal energy

1 1
13,4113 as mll&,*lli =G0~ mllimllﬁ-
Normalizing this lower bound to unity yields the metric:

< 29
m ||S¢,* ||§

p=——=21,

1
e 2
g(/\*) - m”-ﬁ,A”z

where [ represents the ratio of the converged average
orthogonal power

1
(g - WIIL,*IE]

— [543 to
MN'" 2

which represents a theoretical lower bound on average
orthogonal power. Likewise, using Equation (14), the bound
from Equation (28) can be rearranged in terms of the ADP
of the converged solution, which may be expressed as:
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ADP
ADP,, ~

B0

where

ADP = illsﬂnzy’zm
MN T E

represents the average directed power of the obtained solu-
tion and

1
ADP,,, = mns*,u&?*(@)g )

is the theoretical upper bound on average directed power for
a constant amplitude solution.

A Monte Carlo analysis was used to characterize the
performance of the relaxed FFRED formulation described
above for the cases of LE{2, 3, 4} simultaneous signals. In

each case the desired transmission angles (8,, @p) and
signals gy (t) were based on randomized parameters, and
the converged values of y4(&.) are compared to G (h.) using
the metrics defined in Equations (29) and (30).

The desired signals were chosen to have a constant
amplitude, which decreases the amount of energy in the
orthogonal complement needed to achieve a feasible solu-
tion. Using this configuration, the desired signals conform
to:

arexp(je()) O0=<1<T @D

&e(0) ={ 0

.
otherwise

where (p is a real-valued, positive scalar and ¥, (t) is the
continuous phase function. It may be assumed that g,(t) is
the dominant signal in energy relative to the other signals
(e.g., a radar transmission). Therefore, a;=1 while the
remaining [-1 signal amplitudes are randomly drawing
according to 10 log, ,dp 2~U[-20, —10], where U[a, b] is the
uniform probability distribution over the interval [a, b]. Thus
the remaining amplitudes range from -20 dB to -10 dB
relative to the dominant signal.

The continuous phase function ¥, (t) was randomly gen-
erated using a random parameterization of the polyphase
coded frequency-modulated (PCFM) framework given by:

Yo (g™ CenP CnT)de, (32)

where @&y ~U[-m, x| are the N, PCFM code values, h(t) is
a shaping filter, and T,=T/N,_~1/B. Here, h(t) may be chosen
to be a truncated-Gaussian window with duration 3T, and
unit area. The sampling rate is £=3B=3/T, and N,=40
random code values per pulse equates to N=120 samples in
each discretized waveform. This signal could represent
either a radar or communications transmission (e.g., FM
noise radar, continuous phase modulation (CPM) commu-
nications, etc.).

For this analysis, consider an M=16 element uniform
linear array (ULA) with half-wavelength spacing aligned in
the 6=0° plane with array boresight toward ¢=0° The
antenna patterns from Equation (2) were assumed to be
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omnidirectional in the 6=0° plane and normalized to unity,
thus the mth in-situ antenna pattern is expressed as

2 33
Fa@=0°¢)= exp(/m7d51ngo].

The desired transmission directions in the elevation dimen-

sion are fixed to 8, =0°V £ ; thus, the signals are separated
in azimuth ¢y . The dominant signal is directed towards
array boresight at ¢,=0° while the remaining signal direc-
tions are sequentially determined according to independent
draws from sin @y ~U[-1,1]. If a randomly chosen trans-
mission angle falls from within the array peak-to-null
beamwidth of a previously chosen angle (i.e., Isin ¢ -sin
@;1<2/M fori=0, ..., £ -1) a new angle is randomly selected
until the condition is satisfied.

Atotal of 2000 Monte Carlo trials were performed for two
different phase initializations (i.e. &) for each of the L&{2,
3, 4} desired signals: uniformly distributed initialization,
X,~U[-m, m]; and initialized using the phase of the mini-
mum-norm solution X,=arg{S. ,}, where arg{*} extracts the
phase. A limited-memory Broyden-Fletcher-Goldfarb-
Shanno (L-BFGS) algorithm (coupled with a backtracking
line search) was used to minimize the relaxed problem from
Equation (23) for each Monte Carlo trial. A total of 10 prior
gradients are kept during the optimization process for esti-

mation of the local second-order properties of J(%X). The

algorithm was terminated when J (%)</|g]l,>x1072. The dual
function G (A.) from Equation (20) was maximized using
the CVX Matlab toolbox.

FIGS. 4A-4C show histograms of p-1=z0 from Equation
(29) for the minimum-norm phase initializations (410, 412,
414, respectively) and the random phase initializations (420,
422, 424, respectively) for (a) L=2, (b) L=3, and (c) L=4
desired signals. As shown in FIGS. 4A-4C, it can be
observed that the bound from Equation (21) is tight for the
minimum-norm phase initialization since -1 takes on val-
ues on the order of 107°. Recall that  represents the ratio
of the obtained average orthogonal power to its theoretical
lower bound. Therefore, the energy in the orthogonal
complement is marginally greater than the theoretical lower
bound for all three cases, increasing slightly when L is
increased. The random phase initialization falls into a local

minimum of J (%), resulting in a significant increase in p and

thereby indicating that the energy in the orthogonal comple-

ment is not near the theoretical bound for this initialization.
FIG. 5 depicts histograms of

ADP
- =0
ADP,,,

from Equation (30) for the minimum-norm phase initializa-
tion and [.=2, 3, 4 desired signals. These results indicate that
the solutions found using the relaxed problem from Equation
(23) with the minimum-norm phase initialization are near-
optimal in terms of power efficiency relative to the original
problem in Equation (17).

As shown above, the ability to emit multiple signals
simultaneously from a digital array, such as the antennas 132
of FIG. 1, provides the flexibility to efficiently use all
available resources (i.e., time, frequency, space, and power)
for multiple functions (e.g., radar and/or communications).
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The FFRED formulation disclosed herein considers efficient
use of all the resources while conforming to practical
waveform constraints (e.g., constant amplitude). The
Lagrange dual problem of FFRED provides an optimality
bound upon the amount of energy in the orthogonal comple-
ment needed to achieve a solution. It is shown that a
near-optimal (in terms of orthogonal complement energy)
set of waveform can be designed via minimization of a
relaxed FFRED formulation of embodiments initialized with
the phase of the minimum-norm solution. It is noted that the
relaxed nature of the disclosed FFRED formulation reduces
the computational complexity required to determine the set
of waveforms and enables the set of waveforms to be
determined much more rapidly and approaching a speed that
enables the set of waveforms to be identified despite pulse-
to-pulse changes with respect to one or more of the trans-
mitted radar or communication signals.

Referring back to FIG. 1, utilizing the relaxed FFRED
formulation described above, the transmission system 101
may determine a set of power efficient waveforms. As
described above, to determine the set of power efficient
waveforms, the transmission system 101 may determine a
set of signals for transmission and a transmission direction
for each signal of the set of signals. The set of signals may
include at least a first signal and a second signal, where the
first signal may be associated with a first transmission
direction and the second signal may be associated with a
second transmission direction and the first direction and the
second direction are different from each other. In an aspect,
the first signal and second signal may be the output radar
waveform 102 and the communication waveform 106. To
facilitate transmission of the first and second signals, the
transmission system 101 may determine a set of waveforms
that may be transmitted by the antenna elements 132 in a
power efficient manner. The set of waveforms may be
determined by configuring an optimization problem based
on characteristics of an antenna array (e.g., the antenna
elements) and the set of signals. For example, the charac-
teristics of the antenna array may include the shape or
arrangement of the antenna elements (e.g., antenna elements
arranged linearly or another shape), the number of antenna
elements, and the characteristics of the set of signals may
include the number of signals to be transmitted, the direc-
tions each signal of the set of signals is to be transmitted, or
other characteristics.

As described above, the transmission system 101 may
solve the optimization problem to identify a set of wave-
forms. The set of waveforms may include at least two
waveforms, each of the at least two waveforms correspond-
ing to a different antenna element of the antenna array. It is
noted that if the antenna array include more than two
antenna elements, the set of waveforms may include more
than two antenna elements in some implementations. The
optimization problem may be configured to identify a set of
power efficient waveforms. In an aspect, the waveforms may
satisfy a constant amplitude constraint and an orthogonality
constraint. In an aspect, the optimization problem may
configured in accordance with Equations 23-30. Once the set
of waveforms are determined, the transmission system 101
may transmit the set of waveforms from the antenna ele-
ments of the antenna array, where each waveform of the set
of waveforms is transmitted by a different one of the antenna
elements. It is noted that solving the optimization problem
may yield a set of waveforms that may be transmitted by the
antenna elements 132, where each transmitting antenna
element transmits a different waveform (i.e., all antenna
elements used for transmission do not transmit the exact
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same waveform). Each antenna element used for the trans-
mission may transmit a waveform (e.g., one of the set of
waveforms identified by solving the optimization problem)
that is different from the other waveforms transmitted by the
other antenna elements. For example, the waveforms for
each antenna element may have a different modulation
structure, different angles of transmission, different beam
powers, and the like. However, the set of waveforms iden-
tified by the optimization problem may result in a set of
waveforms that, while different for each antenna element,
are highly correlated and coherent in the far-field.

In aspects where the set of transmitted waveforms include
radar waveforms, the transmission system 101 may be
configured to receive a set of radar waveform returns, such
as the radar waveform returns 104. The received radar
waveform returns may correspond to reflections of the
transmitted radar waveforms 102. The radar waveform
return 104 may be used by the transmission system 101 to
perform moving target detection, such as to track or locate
the target of interest 140. In addition to transmission of radar
waveforms, the transmission system 101 may also transmit
communication signals (i.e., data) via the set of waveforms.
For example, the set of waveforms may include the com-
munication waveform 106 of FIG. 1, which may be used to
communicate data to the electronic device 150 or other
devices (not shown in FIG. 1). In an aspect, the communi-
cation waveform 106 may be used to transmit telemetry
signals, or other types of communication signals. In an
aspect, the set of waveforms identified based on the opti-
mization problem may be suitable for long range transmis-
sion communication signals (e.g., due to the high power
efficiency properties of the determined set of waveforms,
etc.).

As briefly mentioned above, one or more of the signals
(e.g., the radar signal, the communication signal, or both)
may change over time (e.g., from pulse-to-pulse). To
account for these changes, the transmission system 101 may
perform the above-described steps (e.g., the determining,
configuring, and solving) based on changes to the set of
signals over time. As explained above, power efficiency may
be achieved in part by constraining the set of waveforms to
be constant amplitude continuous-time waveforms, which
enables the amplifier of the transmitter to be operated within
a more power efficient saturation region. However, mere use
of a set of constant amplitude continuous waveforms does
not mean that those specific waveforms are the most power
efficient—indeed, some sets of waveforms having these
properties may be less efficient than others when wasted
energy is taken into consideration. To mitigate the wasted
energy, the optimization problem may be configured to
identify a set of waveforms with minimal wasted energy
(e.g., transmission of the set of waveforms in specific
directions may still result in wasted energy as some of the
waveform energy may be directed into other spaces or
directions). In an aspect, solving the optimization problem
may include minimizing a cost function to identify a set of
waveforms that is power efficient when wasted energy is
accounted for.

As shown above, the platform 100 provides a feasible
approach for realizing a transmission system capable of
transmitting radar and communication signals simultane-
ously in a power efficient manner that maintains coherency
in the far-field. Such capabilities enable the system to be
used for radar detection operations while simultaneously
transmitting communication data to remote devices, such as
the electronic device 150. Moreover, the communication
signals transmitted by the platform 100 may be suitable for
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long distance communications applications due to the high
power nature of the transmitted signals and the power
efficiency achieved via the disclosed optimizations. Addi-
tionally, the relaxed optimization solution disclosed herein
demonstrates that it is feasible to design a transmission
system that can identify sets of waveforms on a pulse-to-
pulse basis, thereby overcoming the shortfalls of previous
theoretical FFRED approaches. Moreover, it is noted that
while sets of waveforms suitable for simplistic use cases
could be calculated manually, it is impossible to manually
calculate sets of waveforms for more complex use cases,
such as radar and communication applications. Accordingly,
it is to be understood that the relaxed approach to FFRED
disclosed herein represents an improvement in the function-
ing of transmission systems, such as the transmission system
101 and other similar type systems (e.g., systems capable of
transmitting waveforms similar to those disclosed herein).

Referring to FIG. 6, a flow diagram of a method for
generating and transmitting waveforms in accordance with
aspects of the present disclosure is shown as a method 600.
In aspects, steps of the method 600 may be performed by a
system, such as the transmission system 101 of FIG. 1. In an
aspect, steps of the method 600 may be stored as instructions
(e.g., the instruction 122 of FIG. 1) that, when executed by
one or more processors (e.g., the one or more processors 110
of FIG. 1), cause the one or more processors to perform the
steps of the method 600.

As shown in FIG. 2, the method 200 includes, at step 210,
determining, by one or more processors, a set of signals for
transmission and a transmission direction for each signal of
the set of signals. As described above, the set of signals may
include at least a first signal and a second signal. The first
signal may be associated with a first transmission direction
and the second signal may be associated with a second
transmission direction that is different from the first direc-
tion. At step 620, the method 600 includes configuring, by
the one or more processors, an optimization problem based
on characteristics of an antenna array and the set of signals.
As described above, the optimization problem may be a
relaxed FFRED algorithm configured to identify a set of
waveforms that are power efficient and coherent in the
far-field, allowing the waveforms to be used to transmit both
communications data and radar signals simultaneously.
Moreover, the relaxed FFRED algorithm may enable sets of
waveforms to be identified fast enough to account for
changes in the signals over time, thereby overcoming limi-
tations of previous theoretical FFRED approaches.

At step 630, the method 600 includes solving, by the one
or more processors, the optimization problem to identify a
set of waveforms. As described above, the set of waveforms
may include at least two waveforms. Each of the at least two
waveforms may correspond to a different antenna element of
the antenna array, such that each waveform of the set of
waveforms is configured for transmission by a different
antenna element of the antenna array. At step 640, the
method 600 includes transmitting, by the one or more
processors, the set of waveforms from the antenna elements
of the antenna array. In some aspects, the method 600 may
include performing radar detection operations based on
received radar waveform returns corresponding to at least
some of the transmitted waveforms. It is noted that the
method 600 may include additional operations and steps as
described above with reference to FIGS. 1-5. As shown
above, the method 600 provides a feasible approach for
realizing a transmission system capable of transmitting radar
and communication signals simultaneously in a power effi-
cient manner that maintains coherency in the far-field. Such
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capabilities enable the system implementing the method 600
to be used for radar detection operations while simultane-
ously transmitting communication data to remote devices,
such as the electronic device 150 of FIG. 1. Moreover, the
communication signals transmitted in accordance with the
method 600 may be suitable for long distance communica-
tions applications due to the high power nature of the
transmitted signals and the power efficiency achieved via the
disclosed optimizations.

Although the embodiments of the present disclosure and
their advantages have been described in detail, it should be
understood that various changes, substitutions and altera-
tions can be made herein without departing from the spirit
and scope of the disclosure as defined by the appended
claims. Further, although the drawings may illustrate some
of the concepts disclosed herein as logical or functional
blocks, it is to be understood that each of those blocks may
be implemented in hardware, software, or a combination of
hardware and software. Moreover, the scope of the present
application is not intended to be limited to the particular
embodiments of the process, machine, manufacture, com-
position of matter, means, methods and steps described in
the specification. As one of ordinary skill in the art will
readily appreciate from the present disclosure, processes,
machines, manufacture, compositions of matter, means,
methods, or steps, presently existing or later to be developed
that perform substantially the same function or achieve
substantially the same result as the corresponding embodi-
ments described herein may be utilized according to the
present disclosure. Accordingly, the appended claims are
intended to include within their scope such processes,
machines, manufacture, compositions of matter, means,
methods, or steps.

What is claimed is:
1. A method comprising:
determining, by one or more processors, a set of signals
for transmission and a transmission direction for each
signal of the set of signals, wherein the set of signals
comprise at least a first signal and a second signal, the
first signal associated with a first transmission direction
and the second signal associated with a second trans-
mission direction that is different from the first trans-
mission direction;
configuring, by the one or more processors, an optimiza-
tion problem based on first characteristics of an antenna
array and second characteristics of the set of signals,
wherein the optimization problem is associated with a
far-field radiated emission design and corresponds to
minimization of an objective function over a phase
vector associated with the set of signals;
solving, by the one or more processors, the optimization
problem to identify a set of waveforms, wherein the set
of waveforms comprises at least two waveforms, each
of the at least two waveforms corresponding to a
different antenna element of the antenna array; and
transmitting, by the one or more processors, the set of
waveforms from the antenna elements of the antenna
array, wherein:
at least a first waveform of the two waveforms com-
prises a radar waveform,
at least a second waveform of the two waveforms
comprises a communication waveform, and
the first waveform and the second waveform are trans-
mitted simultaneously.
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2. The method of claim 1, wherein the objective function
is a function of at least the first transmission direction and
the second transmission direction, the method further com-
prising:

receiving a set of radar waveform returns corresponding

to reflections of the radar waveforms; and
performing moving target detection based on the received
radar waveform returns.

3. The method of claim 1, wherein:

the communication waveforms comprise telemetry sig-

nals,

the set of waveforms comprise constant amplitude wave-

forms, and

the set of waveforms comprise a different waveform for

each antenna element of the antenna array.

4. The method of claim 1, further comprising repeatedly
performing the determining, the configuring, and the solving
based on changes to the set of signals over time.

5. The method of claim 4, wherein the changes to the set
of signals over time correspond to changes in characteristics
of communication signals.

6. The method of claim 1, wherein solving the optimiza-
tion problem comprises minimization of a cost function
configured to reduce wasted energy during transmission of
the set of signals.

7. The method of claim 1, further comprising:

operating an amplifier of a transmitter in a saturation

region to transmit the set of waveforms.
8. The method of claim 1, wherein at least the first signal
or at least the second signal changes from pulse-to-pulse.
9. The method of claim 1, wherein the first characteristics
of'the antenna array include a shape of the antenna elements.
10. The method of claim 1, wherein the second charac-
teristics of the set of signals includes, for each of the first
signal and the second signal, the first transmission direction
and the second transmission direction.
11. The method of claim 1, wherein solving the optimi-
zation problem comprises minimizing the objective function
over the phase vector.
12. The method of claim 1, wherein a first modulation of
a first waveform of the at least two waveforms differs from
a second modulation of a second waveform of the at least
two waveforms.
13. A non-transitory computer-readable medium storing
instructions that, when executed by one or more processors,
cause the one or more processors to perform operations
comprising:
determining a set of signals for transmission and a trans-
mission direction for each signal of the set of signals,
wherein the set of signals comprise at least a first signal
and a second signal, the first signal associated with a
first transmission direction and the second signal asso-
ciated with a second transmission direction that is
different from the first transmission direction;

configuring an optimization problem based on first char-
acteristics of an antenna array and second characteris-
tics of the set of signals, wherein the optimization
problem is associated with a far-field radiated emission
design and corresponds to minimization of an objective
function over a phase vector associated with the set of
signals;

solving the optimization problem to identify a set of

waveforms, wherein the set of waveforms comprises at
least two waveforms, each of the at least two wave-
forms corresponding to a different antenna element of
the antenna array; and
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transmitting the set of waveforms from the antenna ele-

ments of the antenna array corresponding to the at least

two waveforms, wherein:

at least a first waveform of the two waveforms com-
prises a radar waveform,

at least a second waveform of the two waveforms
comprises a communication waveform, and

the first waveform and the second waveform are trans-
mitted simultaneously.

14. The non-transitory computer-readable medium of
claim 13, wherein the communication waveforms comprise
telemetry signals, the set of waveforms comprise constant
amplitude waveforms, and the operations further comprise:

receiving a set of radar waveform returns corresponding

to reflections of the radar waveforms; and
performing moving target detection based on the received
radar waveform returns.

15. The non-transitory computer-readable medium of
claim 13, wherein the set of waveforms comprise a different
waveform for each antenna element of the antenna array, and
wherein solving the optimization problem comprises mini-
mization of a cost function configured to reduce wasted
energy during transmission of the set of signals.

16. The non-transitory computer-readable medium of
claim 13, the operations comprising repeatedly performing
the determining, the configuring, and the solving based on
changes to the set of signals over time.

17. A system comprising:

an antenna array comprising a plurality of antenna ele-

ments;

one or more processors configured to:

determine a set of signals for transmission by the
plurality of antenna elements and a transmission
direction for each signal of the set of signals, wherein
the set of signals comprise at least a first signal and
a second signal, the first signal associated with a first
transmission direction and the second signal associ-
ated with a second transmission direction that is
different from the first transmission direction;
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configure an optimization problem based on first char-
acteristics of the antenna array and second charac-
teristics of the set of signals, wherein the optimiza-
tion problem is associated with a far-field radiated
emission design and corresponds to minimization of
an objective function over a phase vector associated
with the set of signals;

solve the optimization problem to identify a set of
waveforms, wherein the set of waveforms comprises
at least two waveforms, each of the at least two
waveforms corresponding to a different antenna ele-
ment of the plurality of antenna elements; and

initiate transmission of the set of waveforms from the

antenna elements of the antenna array corresponding to

the at least two waveforms, wherein:

at least a first waveform of the two waveforms com-
prises a radar waveform,

at least a second waveform of the two waveforms
comprises a communication waveform, and

the first waveform and the second waveform are trans-
mitted simultaneously.

18. The system of claim 17, the one or more processors
are further configured to:

receive a set of radar waveform returns corresponding to

reflections of the radar waveforms; and

perform moving target detection based on the received

radar waveform returns.

19. The system of claim 17, wherein the one or more
processors are further configured to:

repeatedly determine the set of signals,

configure the optimization problem, and

solve the optimization problem based on changes to the

set of signals over time.

20. The system of claim 17, wherein, to solve the opti-
mization problem, the one or more processors are configured
to:

minimize a cost function configured to reduce wasted

energy during transmission of the set of signals.

#* #* #* #* #*
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